tion of two free groups with cyclic amalgamated subgroup is SS. Recently C.Y. Tang in [16] has proved that the free product with amalgamation of two f.g. nilpotent groups with cyclic amalgamated subgroup is SS.
The subgroup separability of the fundamental group of a graph of groups over a finite graph, with vertex groups f.g. torsion free nilpotent groups and edge groups of finite index in the corresponding vertex groups is studied in this paper. In the general case, where it is not necessary for the edge groups to be of finite index, we give sufficient (only) conditions for the subgroup separability of these groups (Proposition 9). On the other hand the example of a non SS HNN-extension given in [4] strengthens the conjecture that the sufficient condition of Proposition 9 is also necessary (at least in some partial cases!).
Characterizing fundamental groups as far as subgroup separability
Let C(G, X) be a graph of groups over the connected graph X, where to each vertex i G V(X) is assigned a group Gi and to each edge e = i ->-j g E(X) are assigned two isomorphic subgroups Hij < Gi, Hji < Gj via the isomorphism ^¡j : Hij -* Hji (?= ^,-j 1 )-The definition of the fundamental group G = 7r(G,X) of a graph of groups C(G, X), relative to a maximal tree T of X, is given in [13] ( §1.5). Furthermore it is proved that the structure of G is independent of the choice of the maximal tree T.
Using contractions of subgraphs we can suppose that every edge group Hij is a proper subgroup of the vertex group Gi (cf. [13] Lem. 6 p. 47), unless Gi = Gj, namely the graph has a loop. But in this case we have the following (general) negative proposition. Before stating the first theorem, using the profinite topology, we give an equivalent definition of the subgroup separability of a group.
DEFINITION. The profinite topology on a group G is the topology in which a base for the open sets is the set of all cosets of normal subgroups of finite index in G. So a group G is subgroup separable if every f.g. subgroup // is closed in the profinite topology (f|{#N|7VG} = H) or for g dG\H 
Proof. Suppose that G is SS. Since each subgroup Hij is of finite index in the vertex group G,, there exists Nij G such that Nij fl G, < H,j (1) .
Since N is a normal subgroup of the fundamental group G, from the relations which hold for G it follows that N n Gi = N n Gj for i ^ j. Let H = N n Gi. Evidently, H is a normal subgroup of G and H is a subgroup of the kernel of the homomorphism f : G Aut(T), which is defined above. Moreover, since the graph X is finite, the group H is of finite index in every vertex group G,. Thus, II </G, and
Conversely, let H = Kerf = f|{Stab(orb(t)) | t G V(X)}. Since airgraph X is finite, the group H is of finite index in every vertex group. We also have H= H for every (i,j) € E(X). Therefore, we can define the graph of groups C\(G\, X) over the same graph X with vertex groups G;/ II, i G V(X) and edge groups Hij[H with the induced isomorphisms :
Let Gi = 7t(Gi,A") be the corresponding fundamental group. The group G\ is free by finite, since every vertex group is finite, so it is subgroup separable. Similarly, since = H n for n 6 Z + , we can define the graph of groups £ n (G n , X) over the same graph X with vertex groups Gi/H n for i € V(X) and edge subgroups Hij/H n . For each n 6 Z + the corresponding fundamental group G" = tt(G", A') is subgroup separable.
and it is sufficient to show that f|"
The group H is torsion free nilpotent, so we have
In the first direction (for the necessity), in the proof of the Theorem above, the subgroup separability of G is used to say only that the edge groups are (profinitely) closed. If the group G is simply residually finite, we can conclude the following 
Proof. i)=>ii) Let T be a maximal tree of X and K -n(K,T) the fundamental group of the tree of groups C(K,T) with the vertex groups C, , i e V(T) = V{X).
Let £ : K R be the realization of K in the Mal'cev completion with respect its generating subgroups Gi, i € V(T). By the proof of Theorem 2 there exists a normal subgroup H of G such that H <Gi and Htiij = H for every (i,j) £ E(X). 
Let n = [|G< : H\, i G V(T)] be the

|W : He,I, z e V(T) is d (d = [|W : He,|, i £ V(T)]).
every (i,j) £ E(T). Let (i,j) £ E(X) \ E(T) and t the corresponding generator of G = ir(G,X). Since
i,j) £ E(X). Therefore a normal subgroup H of G exists such that Hd-t j = H for (i, j) £ E(X). So the group G is subgroup separable by Theorem '2. •
Somewhere between the two classes of subgroup separable and residually finite groups stands the class of the virtually residually finite p-groups for a prime p. In the case of the groups, which are examined here, we can prove a little sharper equivalence, than Corollary 2.1.
Theorem 4. Under the hypothesis of Theorem 2, the following arc equivalent:
i
) The fundamental group G = n(G, X) is SS. ii) The fundamental group G is a virtually residually finite p-group for every prime p. That is a normal subgroup N of finite index in G exists which is a TZTp group for every prime p.
Before proving the Theorem we shall prove a (general) Lemma. Lemma 
The split extension G of a torsion free finitely generated nilpotcnt group H by a finitely generated free group F (G -H]F) is a virtually residually finite p-group for every p prime.
Proof. Let p be a prime and II P " = (h v ", h £ 11) for n £ Z + . Then the subgroups II P are characteristic in H for n £ Z + . Moreover, since H is a f.g. nilpotent group, the group H/H p is a finite p-group. Let H n -H v , then //" <1 H < G, so H n <i G and the homomorphism / : F -> Aut H (which defines the split extension) induces an homomorphism f n :F-* Aut(H/H n ). So we can define the semidirect product G n = H/H n ]F for n > 1. Let C n = Ker /" = Cf(H/H n ), the centralizer of H/H n in F. Since each H/II n is a finite p-group, every C" is a normal subgroup of finite index in F.
But the commutator subgroup H' is characteristic in H, so we can define the homomorphisms <p n : Aut(H/H n )
Aut((H / H n )/(H'H 2 /H n )) ~ Aut(H/H'H 2 ).
From Hall's Theorem (see Corollary 11, p. 14 of [12] ) each Kery? n is a p-group. Consequently, the group Ff n f1 Ker<^" is a p-group. Let C n = (Ff n fl Ker^n)/" 1 , then we have C n < C n and each C n is a normal subgroup of finite index in F. Moreover the group C"/C n is a p-group. Indeed, for x G C n we have xf n G Ff n n Ker<,? n which implies that (xf n ) p = 1 for some A G Z + , whence x p f n = 1, so x p G C n and C n /C n is a p-group. Thus, since every C n /C n is a finite p-group, we have
it, is easy to see that C 2 = C n -Ker(/ n o <p n ) for every n. So we have that
is a finite p-group, we conclude that
is Rfp, n G Z + . Finally the group H]C 2 is ~R.T V , since H n = 1. But it is a normal subgroup of finite index in G -H]F and the proof is achived. • 1'roof of the Theorem 4. i)=i>ii) Suppose that the group G is SS, from Theorem 2 there exists a normal subgroup H of G which is of finite index in every vertex group Gi, i G ^(X). The group G/H is free by finite. Whence there exists a free subgroup S/H of G/H, which is normal and of finite index. Since S/H is free we have that there exists a free subgroup F of S such that S = II]F. From Lemma 5 we have that the group 5 is virtually 7so the group G is virtually TZT P , since S <j G.
ii)=M) This is obvious by Corollary 2.1.
• Let C(G, X) be a graph of f.g. nilpotent groups over the connected graph A', then to each (orientable) edge e : i->-j G E(X) we can attach the positive rational number d(e) = ji'^'j > where (in general), for a group G and a subgroup H of G ig{H) denotes the isolated closure of H in G. The number d(e) denotes the "degree of balance" of the edge groups with respect to their placement into the corresponding isolated closures.
Evidently, if e is the inverse edge of e, then d(e) • d(e) = 1. In the case of the fundamental group of a graph of groups we shall prove that the subgroup separability of these groups requires a "balance" lengthwise the edges of every closed path of the graph X. PROPOSITION 
Sufficient conditions for the subgroup separability
In the preceding section some characterizations are given concerning the subgroup separability of the fundamental group of a finite graph of groups with vertex groups finitely generated torsion free nilpotent groups and edge subgroups "sufficiently large" (each edge group is of finite index in the corresponding vertex group). In other words the vertex groups are commensurable.
In the general case, where the edge groups are not (necessarily) of finite index in the vertex groups, we can give sufficient (only) conditions for the subgroup separability of these groups. Proof. The group G is residually finite (Proposition 12 p. 122 of [13] ). Whence there exists a normal subgroup M of finite index in G, such that M n Hij = 1 for every edge group. The subgroup M is finitely generated as subgroup of finite index in the f.g. group G. Therefore, by the well known subgroup theorem (Theorem 7.7 p. 35 of [6] ), the group M is the free product of a free group (maybe trivial) and conjugate subgroups of the vertex groups. Consequently, from [10] (or [3] ) we have that M is subgroup separable. Finally the group G is subgroup separable, as a finite extension of a subgroup separable group ( [10] or [11] ). • 
